A fixed point theorem for nonlinear contraction in the modular space is proved. Moreover, a fixed point theorem for asymptotic contraction in this space is studied.
Introduction
The theory of modular space was initiated by Nakano [1] in connection with the theory of order spaces and was redefined and generalized by Musielak and Orlicz [2] . By defining a norm, particular Banach spaces of functions can be considered. Metric fixed theory for these Banach spaces of functions has been widely studied (see [3] ). Another direction is based on considering and abstractly given functional which control the growth of the functions. Even though a metric is not defined, many problems in fixed point theory for nonexpansive mappings can be reformulated in modular spaces.
In this paper, a fixed point theorem for nonlinear contraction in the modular space is proved. Moreover, Kirk's fixed point theorem for asymptotic contraction is presented in this space. In order to do this and for the sake of convenience, some definitions and notations are recalled from [1] [2] [3] [4] [5] [6] . 
one has x ∈ B. B ρ denotes the closure of B in the sense of ρ. 
is a metric and (X ρ ,d ρ ) is a metric space.
Remark 1.6. Let (X ρ ,d ρ ) be a metric space which is given in Example 1.5 and let {x n } be a Cauchy sequence in it. This means that
A. Razani et al. 3 hence ρ x n + ρ x m −→ 0 as n,m −→ ∞, (1.8) and this shows that 10) and this proves that (X ρ ,d ρ ) is a complete metric space. In addition, it implies that all nonconstant sequences for large indices that are convergent must be convergent to zero.
is a modular space and T : X ρ → X ρ satisfies the following condition:
for all x, y ∈ X ρ , where ψ : P → [0,∞) is upper semicontinuous from the right on P and for all t ∈ P − {0}, ψ(t) < t and
Then 0 is the only fixed point of T.
Proof. We use the metric d ρ and note that the closure of P which is denoted by P is with respect to metric d ρ . This metric and the mapping T satisfy the conditions of [7, Theorem 1] , so the proof is complete.
A fixed point of nonlinear contraction
The Banach contraction mapping principle shows the existence and uniqueness of a fixed point in a complete metric space. this has been generalized by many mathematicians such as Arandelović [8] , Edelstein [9] ,Ćirić [10] , Rakotch [11] , Reich [12] , Kirk [13] , and so forth. In addition, Boyd and Wong [7] studied mappings which are nonlinear contractions in the metric space. It is necessary to mention that the applications of contraction, generalized contraction principle for self-mappings, and the applications of nonlinear contractions are well known. In this section, an existence fixed point theorem for nonlinear contractions in modular spaces is proved as follows. 
for all x, y ∈ B. Then T has a fixed point.
Proof. Let x ∈ X ρ . At first, we show that the sequence {ρ(c(T n x − T n−1 x))} converges to 0. For n ∈ N, we have
which is a contradiction, so a = 0. Now, we show that {T n x} is a ρ-Cauchy sequence for x ∈ X ρ . Suppose that {lT n x} is not a ρ-Cauchy sequence. Then, there are an > 0 and sequences of integers {m k }, {n k }, with m k > n k ≥ k, and such that
We can assume that
Let m k be the smallest number exceeding n k for which (2.6) holds, and
Obviously, Σ k = ∅ and since Σ k ⊂ N, then by Well ordering principle, the minimum element of Σ k is denoted by m k , and clearly (2.7) holds.
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Now, let α 0 ∈ R + be such that l/c + 1/α 0 = 1, then we have
(2.9)
If k tends to infinity, and by
(2.10)
Thus, as k → ∞, we obtain ≤ ψ( ), which is a contradiction for > 0. Therefore {lT n x} is a ρ-Cauchy sequence, and by Δ 2 -condition, {T n x} is a ρ-Cauchy sequence, and by the fact that X ρ is ρ-complete, there is a z ∈ B such that ρ(T n x − z) → 0 as n → +∞. Now, it is enough to show that z is a fixed point of T. Indeed,
The proof is complete.
The following two corollaries (see [5, 14] ) are immediate consequences of Theorem 2.1. 
12)
for all x, y ∈ B. Then T has a fixed point. for all x, y ∈ B. Then T has a fixed point.
Proof. Consider l 0 to be one constant such that c > l 0 > max {l, kl}. Then we have
Thus we get
where c > l 0 and k 0 = (lk/l 0 ) s < 1. So by using Corollary 2.2, the proof is complete.
A fixed point of asymptotic contraction
The concept of "asymptotic contraction" is suggested by one of the earliest versions of Banach's principle attributed to Caccioppoli [15] and it has a long history in the nonlinear functional analysis [16] . Many mathematicians (such as Chen [17] , Gerhardy [18] , Jachymski and Jóźwik [19] , Kirk [20] , Suzuki [21] , Xu [22] , etc.) studied this concept and proved the existence of fixed points. In this section, Kirk's fixed point theorem for asymptotic contraction is proved in modular spaces. In order to do this, we need a theorem from [14] as follows.
Theorem 3.1. Let X ρ be a ρ-complete modular space. Let {F n } n be a decreasing sequence of nonempty ρ-closed subsets of X ρ with δ ρ (F n ) → 0 as n → +∞. Then n F n is reduced to one point.
Now, we state Kirk's fixed point theorem for asymptotic contraction in modular spaces (see [8] ). 
Now, we prove that limρ( f n (x) − f n (y)) = 0 for all x, y ∈ X ρ . Otherwise, there exist x, y ∈ X ρ and ε > 0 such that
Then there exists k such that
Then by taking limsup from both sides of it, continuity of ϕ, and (3.4), we have ϕ(ε) ≥ ε. This is in contradiction with ϕ(ε) < ε. Therefore, (3.4) and (3.5) state that
This is clearly a contradiction. Thus we get
for all x, y ∈ X ρ . Since ρ satisfies the Δ 2 -condition, then 8) for all x, y ∈ X ρ . This means that the sequence { f n (x)} n for all x ∈ X ρ and all n ∈ N is ρ-bounded. Now, we assume that a ∈ X ρ is arbitrary and a n = f n (a) for n ∈ N, and let Y = {a n } ρ .
We can choose α ∈ R + such that 1/α + 1/c = 1. Consider the sets defined by
where L = max{c,2α}.
The ρ-boundedness of {a n } implies that Y is ρ-bounded. By using (3.8), and considering the Δ 2 -condition of ρ, we get F n = ∅ for all n, and F n is ρ-closed, since f is continuous. Indeed, if {x m } ⊂ F n is a sequence such that x m → x 0 , then On the other hand, we have ϕ(limsupρ(x n − y n )) < limsupρ(x n − y n ). So, we get limsupρ x n − y n = 0. Consequently, {F n } satisfies all conditions of Theorem 3.1, and then n F n = {z}. Since z ∈ F n for all n, then ρ(L(z − f (z))) < 1/n, for all n. Then letting n → ∞, we have ρ(L(z − f (z))) = 0. Thus L(z − f (z)) = 0. this means that f (z) = z, and the proof is complete.
